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Abstract. Suppose a and b are two fixed positive integers such that (a, b) = 1. In 
this paper we shall establish an asymptotic formula for the mean square of the error 
term A a ^(x) of the general two-dimensional divisor problem. 

1 Introduction 

Suppose 1 < a < b are two fixed integers. Without loss of generality, we suppose 
(a, b) = 1. Define d a b {n) := J2 n=h a r b 1- The general two-dimensional divisor problem is 
to study the error term 

A a , b {x) : = <b(n) - ab/a)x l ' a - ((a/^, 

n<x 

if a b. If a = b, then the appropriate limit is to be taken in the above sum. This 
problem attracts the interests of many authors. 

When a = b = 1, A 11 (x) is the error term of the well-known Dirichlet divisor 
problem. Dirichlet first proved that A 1;1 (x) = 0{x 1 ^ 2 ). The exponent 1/2 was improved 
by many authors. The latest result reads(see Huxley [9]) 

(1.1) A ljl (x) < x 131 / 416 (logx) 26947 / 8320 . 
For the lower bounds, the best results read 

(1.2) Ai,i(ar) = Q+ (x 1/4 (log x) 1/4 (log log x) {3+log 4)/4 exp{-c^/log log log x) ) (c > 0) 
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and 

(1.3) An (a;) = fi_(a; 1/4 exp(c'(loglogx) 1/4 (logloglogx)- 3/4 )) (c > 0), 

which are due to Hafner[5j and Corradi and Katai[2], respectively. 
When a ^ b, Richert[2n] proved that 



;i-4) A a , 6 (x) < 



s 5 ^, b<2a, 

2 

x5a+26 b> 2a. 



Better upper estimates can be found in [HI [TS1 [El 121] ■ Hafner[6j proved that 

(1.5) A Qj6 (x) = n + (x 1/2ia+b) (\ogx) b/2ia+b) loglogx) 
and 

(1.6) A 0jb (x) = n_{x 1/2 ^ +h) e u{x) ), 
where 

£7(a;) = ^(loglog^^^Qoglogloga;) 6 / 2 ^- 1 

for some positive constant B > 0. 
It is conjectured that the estimate 

(1.7) A a , b (x) = 0(x 1 M a +*'>-*) 

holds for any 1 < a < b, (a, 6) = 1. When a = 6 = 1, the conjecture (1.7) is supported 
by the power moment results of Ai t i(x). For the mean square of A^^i), Cramer [3] 
first proved the classical result 



l A ii^)^ = ^Sci3y T3/2 + 0(T5/4H 



The estimate 0(T 5 / 4+£ ) in (1.8) was improved to 0(Tlog 5 T) in [22] and 0(Tlog 4 T) 
in [IB]. The higher-power moments of A x x (x) were studied inpj EH [231 [251 12H1 [21] • 
When a 7^ b, by using the theory of the Riemann zeta-function, Ivic[12j proved that 



1.9) J Al b (x)dx 



<r i+l/(«+6) log 2 T; 

= fi(T 1+1/(cl+6) ). 



He also conjectured that the asymptotic formula 
(1.10) J\l b {x)dx = c a>b T 1+1 ^ a+b \l + o(l)) 
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holds for some positive constant c a ^. We note that the f2-result in (1.9) is also contained 
in a very general result of the second-named author (see Theorem 5 of pQ). 

When a = b = 1, the proofs of most power moment results of Ai ) i(a;) mentioned 
above were started from the well-known truncated Voronoi's formula(see, for example, 

to 



1.11) Ai Ax) = (v^tt)- 1 ^ 4 V ^Q- cosUnyfxH - -) + 0(x £ + x 1/2+£ N- 1 / 2 ) 



n 3/4 

n<N 



for 1 <C iV <C x A , where A > is any fixed constant. Note that the infinite series 
Y^=i d^n' 3 / 4 cos(ATty/xn—T{ / A) is conditionally convergent. When a ^ b, Kratzel[T4"] 
provided a series representation of A a b(x). However, Kratzel's series converges only 
when b < 3a/2, which is a significant restriction for many applications. 

The aim of this paper is to prove Ivic's conjecture (1.10). More precisely, we shall 
prove the following Theorem. 

Theorem . Suppose 1 < a < b are fixed integers for which (a, b) = 1. Then we 
have 

/T 
A 2 ab (x)dx = Ca^T 1 -^ + 0{T L ffi~* b i*+ b n*+ b - 1 ) log 7/2 T), 



where 



_ a V(°+")6°/(°+fc) ^ 2 
° a ' b 2(a + b + l)7r^ 9a ' b{nh 

v ' n=l 

V — * a + 2b b+2a 

9a,b{ n ) := / , " 2a + 2b T 2a+2b m 

n=h a r b 

Remark 1. It is easy to see that the function g a ,b{n) is symmetric for a and 6, 
namely g a ,b{n) = #& >a (n). The convergence of the infinite series J2^=i9lb( n ) w * n be 
proved in Section 4. 

Remark 2. Our theorem also holds for a = b = 1. In this case we have 



71=1 



where d(n) = c? 11 (n) is the Dirichlet divisor function. Hence our Theorem provides a 
new proof of Cramer's classical result (1.8). 

Notations. Z denotes the set of all integers. For a real number u, [it] denotes 
the integer part of it, {u} denotes the fractional part of u, ip(u) = {u} — 1/2, ||it|| 
denotes the distance from u to the integer nearest to u. fi(n) is the Mobius function, 
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(m, n) denotes the greatest common divisor of natural numbers m and n. n ~ N means 
N < n < 2N. e always denotes a sufficiently small positive constant. S'C(E) denotes 
the summation condition of the sum E when it is complicated. Finally, define 



2 Two preliminary Lemmas 

In order to prove our theorem, we need the following two Lemmas. Lemma 2.1 is 
well-known; see for example, Heath-Brown [8]. Lemma 2.2 is Theorem 2.2 of Min[17j. 
see also Lemma 6 of Chapter 1 in [21]. A weaker version of Lemma 2.2 can be found 
in [12], which also suffices for our proof. 

Lemma 2.1. Let H > 2 be any real number. Then 



Lemma 2.2. Suppose Ai, ■ ■ ■ ,A 5 are absolute positive constants, f(x) and g(x) 
are algebraic functions in [a, b] and 




a i z,p i Z, 
a e Z,p e Z. 





+0 (Glog(/3 - a + 2) + G(b - a + R)^- 1 + C/f 1 )) 




where n u is the solution of f'(n) = u, 



< t >= 



\\t\\, if t not an integer, 
(3 — a, if t an integer, 
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3 A Voronoi type formula of A(a, 6; x 

It suffices for us to evaluate the integral A^ b (x)dx, where T > 10 is a large param- 
eter. 

It is well-known that(see for example, Ivir IT]. eq.(14.46)) 

(3.1) A a , 6 (x) = /(a, b; x) + f(b, a; x) + 0(1), 
where 

/(a,6;x):=- ^ ^(^V 

m <j;l/(a+6) V ' 

Suppose T < x < 2T, if is a parameter such that T £ <^ H <ti T 10 °( a+b \ By Lemma 
2.1 we have 

(3.2) f(a,b;x) = Ri(a,b; x) + R 2 (a,b; x), 

Ri(a,b;x) : = — e — rr- \ , 

l<\h\<H m<xV(«+ b ) v 7 

R 2 (a,b;x): =ol Yl ^ ( /rii »V« n ) I • 

Define 

c:= (2a6) a6 , J:= [(£/(a + b) - log£) log" 1 c], £ := logT, 

mj ;= X l/{a+b) C~ 3 (j > 0). 

It is easy to see that 

C J x r l/(a+6)£-l_ 
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We have 



(3-3) *.<-,*«) = JL E ^E E e (3 +0(£2) 

l<|/i|<i? i=0 m j+1 <m<m j v 7 

~~ 2?ri ^ X ^ ^ 6 I rn b l a ) 

—H<h<—1 j=0 mjj r i<m<.mj x ' 



say, where 



Let 



Define 



2ni ^ h ^ ^ V m b/a 

l<h<H j=0 mj+i<m<mj N 



+ 0(C 2 ) 



1 1 J 



2ni ^ h 

l<h<H j=0 vrij+\<m<mj 



hx l/a 



m 



b/a 



^E^E E «(^)+°<* 

Kh<H j=0 mjj r \<m<rrij x 



2ni 2%i 



1 J 

i= E ^E E 

l<h<H j=0 mj+\<m<mj 



m 



b/a / • 



E 



mj+i <m<m,j 



hx 1 ^ 



b/a 



Cl (a, 6) := a V2(«+6) 6 a/2(a+6) ( Q + 6) -l/ 2> 

c 2 (a,6) := a b/(a+6) r 6/(a+6) + &«/(«+&) a -a/(a+b)_ 
It is easy to check that 

(3.4) ci(a, ft) = ci(6, a), c 2 (a,b) = c 2 (b, a). 
By Lemma 2.2 we get 

1 ^ — V q 2q + b 

(3.5) S hJ (x) =c l (a,b)x' 1 ^ ^ h^+^r ^+&] 

«-j,h(a,b)<r<n J+lih (a,£)) 



xe ( -c 2 (a,6)a;— (/iV)— - - ) + 0(C), 



where 

n j:h (a,b) := -h(2ab) {a+b)bl . 

(X 

Inserting (3.5) into Ei we get 

1 ^ — -v r — V __a±2b_ 2a + b 

(3.6) Ei = ci(a,6)a; 2 <»+*> 2^ h 2(a+b)r 2(a+b) 

l<h<H >£<r<nj +hh (a,b) 

xe (^-c 2 (a,b)x^{h a r b )^ - ^ +0(£ 2 ). 

From (3.3) and (3.6) we get 

(3.7) i?i(a,6;x) = i?t(a, b; x) + 0(£ 2 ), 
where 

, \ ci(a, 6) !_ v^' , a+2b 2a+b 

Rl(a,b;x) : = v ; x 2 (°+ & > ^ 2^ ^ 2(a+&)r 2(a+b) 

l<fe<i/ ^<r<n J+ i,fc(o,6) 

x cos (2irc 2 (a,b)x~^(h a r b )~^ _ ^ . 

Define 

ft, 2 ( a + fc )r 2 ( a +"), 

n=/t a r b ,l<h<£T 

bh/a<r<n J+1 , h (a,b) 

g(a,b;n): = ^ h 2 («+fc)r 2 ( a + 6 > . 

n=h a r^ 

bh/a<r 

It is easy to check that if h a r b < min(H a+b , T b / a )jC~ b ~ b2 / a ~ 1 , bh/a < r, then it follows 
that h < H,r < nj + i t h(a,b). Thus 

(3.8) g{a, b; n, H, J) = g(a, b;n), n< min(H a+b , r 6 /«)£-*>-& 2 /a-i. 
So we have that 

R{(a,b;x) =^lR x ^ g(a,b;n,H,J) 

l<n<H a n J+liH (a,b) 

x cos (27rc 2 (a,b)x^+ b ~n^+ h ~ _ _ j 
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Similarly we have 
(3.9) R!{b,a;x) = Rl(b,a;x) +0(C 2 ), 

where 



Rl(b,a;x) y g*(b,a;n,H,J) 

l<n<H b n J+ltH (b,a) 

x cos ^27rc 2 (6, a)x^n^ — ^ ; 
g(b,a;n,H,J): = h 2(a+b) r 2(a+h > , 



n = h b r a ,l<h<H 

ah/b<r<n J+1 ^ h (b,a) 

__b+2a_ 2b+a 



g(b,a;n): = ^ h ^+ b ) r 'K*+ b ) . 



n—h^r a 

ah/b<r 



It is easy to check that if that if h b r a < mm(H a+b ,T a/b )£~ a ~ a2/b - 1 , ah/b < r, then 
h < H,r < n J+1 , h (b,a). Thus 

(3.10) g*(b, a; n, H, J) = g(b, a;n), n< min{H a+b , T a / b )C- a - a2/b - 1 . 

Suppose z is a parameter such that T £ < z < min 

^ H a+b^ T a/b^ C ~b-l?/a-l &nd define 

R* u (a, b-x): = ^^-xW £ g ( a , b; n) 

l<n<z 

x cos ^27rc 2 (a, b)x^+ b n^+ b _ ^ 
i?i 2 (a, 6; x) : = R[(a, b; x) — R[i(a, b; x), 
R* u (b, a-x): = V g(b, a; n) 

71 * — ' 

l<n<2 

x cos ^27rc 2 (&, o^x^n^ — — j 
R*i 2 (p, a;x) : = R\(b, a; x) — R{i(b, a; x). 

Recalling (3.4) we have 

ci(a,b) 



R* 11 (a,b;x) + R* 11 (b,a;x) = ^l2 x ^ V (#(a, 6; n) + g{b, a; n)) 

71 * — ' 

l<n<z 

x cos ^27rc 2 (a, b)x~n~ — ^ . 



From the definition of g(a, b; n) and g(b, a; n) we have 

g(a, b; n) + g(b, a; n) 

El a + 2b 2a + b ^ — V b+2a 2 b- 

2(^+6j r 2j^+b) _|_ \ ^ 2{a+b) r 2(a 



n=h a r b TL — hPr a 

bh/a<r ah/b<r 



El a + 2b 2a + b ^ — V b+2a 2b+a 

h 2(a+6) r 2(a+6) _|_ \ r 2(a+f>) /j, 2(a+6) 



Define 



n—h a r b n — r b h a 

bh/a<r ar/b<h 

E a + 2b 2a + b 

h tt^+Vr = g a ,b(n). 

n=h a r b 



A* b (x,z) :=-^-U. x ^ 9a,b(n) 

71 * — ' 

Kn<z 



X 



cos ^2nc 2 (a, b)x a + b n a + b — — j . 

Combining the above estimates we get 

(3.11) A a , b (x) =A* a;b {x,z) + E a , b (x), 

E a ,b(x) : = i?* 2 (a, b; x) + R\ 2 {b, a; x) + R 2 (a, b; x) 
+R 2 (b,a;x) +0(C 2 ). 

The formula (3.11) can be viewed as a truncated Voronoi's formula. 

4 On the series 0a,&M 

In this section we shall prove that the infinite series Y^=i9ab( n ) ^ s convergent. 
Without loss of generality, we suppose a < b. By the definition of g a ,b(n) it is easy to 
see that 

(4.1) 9a,b(n) = n~^ a + 2 ^ b = n~ ^+ + ^ b g* a>b {n) , 

n=/i a r 6 

say where 

n=h a r b 
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is a multiplicative function. So we have 

n=l p \ ct=l / 

We shall show that 

(4.3) 2^ — r~ = C\ bs K\ as + ) G a,&(s), 



71=1 

where G a:b (s) is analytic for !Rs > (3a — 2b) /a 2 . 
We consider two cases . 
Case 1. a — 1 

If 1 < a < 6 — 1, then p a = /i a r b implies /i = p", r = 1. So 

< b (K)=p- a(b - 1} . 

Suppose a = mb with m > 1. Then p a = a a r 6 implies /i = p^r = p( m ~^ b ^j = 
0, 1, 2, • • • , m. So 

< 6 (p Q ) = E^ 6(6_1) - 

3=0 

Suppose a = mb + u with m > 1 and 1 < u < b — 1. Then p a = /i a r b implies 
h = pjb+u^ r=p (. m -j)bj = 0? 1,2,-- • ,m. So 

to m 
#* 6 (p Q ) = = +p -u(b-l) S^p-j b (b-l)_ 

3=0 j=l 

From the above we get(p > 2, 5fe = er > 1) 



a=l to=1 m=l m=1 

= i+p- fa + o( P - <T - 2(6 - 1) ). 

Inserting this formula into (4.2) we get that (4.3) is true for a = 1. 
Case 2. a > 2 

Let A; = [6/a]. Then (a, 6) = 1 implies that ka < b < ka + a. 
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Consider the equation 

(4.4) ua + v b = a, ti,«eZ. 

Let v(a; a, b) denote the number of non-negative solutions of the equation (4.4). If 
v(a; a, b) = 0, then g* b (p a ) = 0. Especially , it is easy to see that if a < b — 1, a J(a, 
then v(a; a, b) = 0. Hence 

< 6 (p Q ) = 0, (a < b-1, a /a). 

If a = ja, (j = 1, 2, • • • ,k), then the equation (4.4) has only one solution (u, v) = 
(j, 0). So p a = h a r b implies that h — p> , r — 1, and hence 

j(b-a) 

9a,bKP) =P a ■ 

Later suppose a > b and v(a;a, b) > 0. Let (uo,v ) denote a special non-negative 
solution of (4.4) such that < u < b. Then all non-negative solutions of (4.4) are 
(u, v) = (u + bt, v — at), < t < v(a; a, b). Hence we have 

v(a;a,b) — 1 
* / n\ V"^ (u +bj)(b-a) 

9a,b(P)= 2^ P a ■ 

3=0 

Especially when b\a, (0, a/6) is a non-negative solution of (4.4). Thus 

v(a;a,b) — 1 

9* a ,b(p a ) = Yl V~ h ' 1± ^, a = 0(modb). 

j=0 

From the above we get 

oo n *2( a\ 
1 >p 9a,b\P > 

a=l 

/ -> T)j as ' J T) as ' J r) aS 

3=1 F a>b,b\a F a>b,6|A 

, , 2(b-a) v 

= i + p- fes + o(p- a,T - - ). 

Inserting this formula into (4.2) we get that (4.3) is true in this case. 

It is easy to check that ((as + 2b ~ 2a ) has a simple pole at s = (3a — 26)/a 2 . Since 
6 > a > 1, it is easy to see that (3a — 2b) /a 2 < 1/6. From (4.3) and Perron's formula 
we get that for any X > 2, 

E &n)«X^. 

X<n<2X 
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Hence we get 

(4.5) ^2 gl,b( n ) < x*~~&+vb < x~T^m, 

X<n<2X 

which implies the convergence of the infinite series Yl™=i 9a b( n ) ■ From (4.5) we also 
get 

oo 

(4-6) <b(n) = J2<b(n) + OpTT*) 

n<X n=l 

and 

(4.7) ^9h(n)=0(X-V&i*). 

n>X 



5 On a special sum 

Suppose a, b are fixed natural integers, T is a large parameter . Define 

V > / 2b+a 2a + b 

S a;b (T): =2_^(h 1 h 2 ) 2a + 2 6 ( rir2 ) 2a + 2b 

2 

/ \ 



x mm 



\ 



j^a + b^.a + b j^a + b ^, a + b 



/ 



where 



SC(E 2 ) : h\r\ < T 10 °( a+fe ) , h a 2 r b 2 < T 100 ^ , 



< \hl +b rl +b 



a b 1 a b a b 

Ua + b a + b\ ^ L 2a + 2b 2a + 2b L 2a + 2b 2a + 2b 

u 2 '2 I ^ \Q 1 '1 u 2 



r 



In this section we shall estimate the sum S a ^(T), which is very important in our 
proof. 



5.1 On a Diophantine inequality 



Suppose a and (3 are fixed non-zero real numbers, Hi > 1, if 2 > 1, R\ > 1, R2 > 1 
are large real numbers, 5 > 0. Let A(H\, H 2 , Ri, R2', S) denote the number of the 
solutions of the inequality 



(5.1) 



< 5, hi ~ Hi,h 2 ~ #2, ri ~ r 2 ~ -R 2 
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Lemma 5.1. We have 

A{H U H 2 , R u R 2] S) « 8{HiH 2 ) x ' ol/2 {RiR%) 1 ~ p/2 

+ (H 1 H 2 R 1 R 2 ) 1/2 (\og2H 1 H 2 R 1 R 2 ) 2 , 

where the implied constant depends only on a,/3. 

Remark. When Hi = H 2 ,R\ = R 2 , Lemma 5.1 reduces to Lemma 1 of Fouvry 
and Iwaniecfl]. Here Lemma 5.1 is more general. 

Proof. We follow the proof of Lemma 1 of Fouvry and Iwaniec [I]. Suppose u and v 
are two positive integers and let A U)V (Hi, H 2 ,Ri,R 2 ; S) denote the number of solutions 
of the inequality (5.1) with (ri,r 2 ) = u, (hi,h 2 ) = v. Set rj = rrijU,hj = ljv(j = 1,2), 
then (mi,m 2 ,li,l 2 ) satisfies 



(5.2) 

(5.3) 
where 



la 

H 



rn 



m 



2 L i 



< c(a)c(p)SR 2 H{ 



< c(a)c((3)5Ri P H< 



2 5 



0(7) 



1, if T > 0, 
2-t, if 7 < 0. 



It is easy to see that ^ is Ci(f3)u 2 (Ri/ ' R 2 Y l R 2 2 -spaced, where Ci(/3) > is some 

m 2 

positive constant. So from (5.2) we get 

A u AHuH 2 ,Ri,R 2 ;6) « ^(1 + ~^tr^) 

„ H 1 H 2 , SH 1 H 2 R 1 R 2 

Similarly, is c 2 {j3)u 2 (R 2 / Ri) 13 ^ 1 i?^ 2 -spaced for some positive constant c 2 ([3), so from 
(5.3) we get 

Au, v (Hi,H 2 ,R h R 2 ;5) <^#(1 + 



5R- f) H~ a 



u2{R 2 /R 1 )0--tR- 
^ H X H 2 , SH 1 H 2 R 1 R 2 



From the above two estimates we get 

(5.4) Au^H^H^R^R^S) 

HiH 2 5HiH 2 RiR 2 



+ 



mm{H^R-^,H 2 a R 2 ^) 



a d-/3\ 



U 2 V 2 



HiH 2 , 5{HiH 2 ) l ~ a / 2 {RiR 2 f- 



+ 



u 2 v 2 
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if we note that min(x, y) < x 1 / 2 y 1 / 2 for x > 0, y > 0. 
Similarly we have 



R±R 2 , S(H 1 H 2 ) 1 - a / 2 (R 1 R 2 ) 1 - 
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Au,v(Hi, H 2 , Ri, R.2] 5) — r — h 



which combining (5.4) gives 

A U , V (D U D 2 ,N U N 2 ;5) 

^ 5(H 1 H 2 ) 1 - a / 2 (R 1 R 2 ) 1 ~P . R,R 2 H.H, 
< — 2 + mm — — , — — 

5(H 1 H 2 y-«/ 2 (R 1 R 2 ) 1 -P {HJhRjM^ 
u z v z uv 
Summing over u and v completes the proof of Lemma 5.1. □ 



5.2 Estimate of the sum S a ,b(T) 



In this subsection we estimate the sum S a ,b{T). For simplicity, let 



rj ■= h* +b r* +b - h% +b r a+l 



a b 

a- 
2 



By a splitting argument we get for some 

100(a+6) 100(a+6) 100(a+M 100(a+6) , 

(1, 1,1,1) « (H ± , H 2 , R u R 2 ) « (T^— , T^^, T^— , T^^) 

that 

(5.5) S a , b (T) « tfU^H^H^R^B*), 

where 

U a>b (T; H u H 2 , R u R 2 ) := ^ — ^ min(T^, M" 1 ), 

3 (/ll/l2) 2a+2i, ( r l r 2) 2a+2f ' 



SC(£ 3 ) : hi ~ tf„r, ~ it!,, (j = 1,2), M < -fcrrrATr: 



2a+26 



10 --i i -2 

By Lemma 5.1 with (a,/3) = (a/(a + b),b/(a + b)) , the contribution of J' 1 /( a + 6 ) is 

i 

a _|_ ^ 

< : ^7 x H 2 , R u R 2 ; T~£s) 

{HiH 2 ) 2a+2b (-R1-R2) 2a+26 

< 1 + ix: — £ • 

(H X H 2 ) 2^+26 (R 1 R 2 ) 2a+2b 
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The condition SC(£ 3 ) implies that hlr\ x h\r\. So by the mean value theorem we 
get for some x x h\r\ that 

(5.6) M = -L^'V^ - h a 2 r\\ » {h\r\)^-\ 

a + o 

which combining the inequality |r]| < T _1 ^ a+6 ^ gives 

H*R\ > T 1/(a+6 - 1) . 

Similarly we have 

If a < b, then combining the above estimates we get that the contribution of T 1 ^ a+6 ^ ) 



is 



< 1 + ,. I , a ~ ^ 

(fl-«i25) I5S+55JF (if«R&) T3S+55J5 (if ^ 



<^ ^a+i, &(a+i>)(a+i>-l) £ 2 , 

If a > 6, then the contribution of T 1 /( a+fc ) is 

< 1 + —ir- s— 

(H?R\) ( 2 «+ 2i >>° (H$R b 2 ) ( 2 «+ 2 *>)« (ff^V 

_J 6 r, 

<^ J^a + i, a(a + b)(a + i)-l) £ 2 

Namely, the the contribution of T ,1 ^ a+6 ^ is 

_J 1 v min(a,h) 

(5.7) <C T a+b (a+6)(a+6-l) X max(a,6) 

Now we consider the contribution of l/|?y|. Suppose first that a < 6. By a splitting 
argument the contribution of l/\r)\ is 

< " , a + 2b , , b+2a X ^(-^1, #2, R\ , -^2 5 

(HiH 2 ) 2a+2b \R1R2) 2a+2b S 

< £ + :3= ^ — — £ 3 

(H 1 H 2 ) 2a+2b (R1R2) 2a+2b 5 

for some T- 1 /^) < 5 < H?^ Rf** Hf** R%** . From (5.6) we get 

<5> {H^R\)^>-\ 



15 



which combining T V( a + 6 ) <g; S gives 

cT 1 < min (r^t, (iffi?*) 2 ^) . 
Thus the contribution of is 

1 

<g £ -| £ d 

< £ -I - — £ 3 

/ 1 , , . 0+6-1 \ 
min (//fi^)^^" I 

^ £ -I ^ — £ 3 

(H^R'DT^iH^)^ 

x min (t^(#^)~(^&)5, (ifj^) 3 ^ - *^) £ 3 
x((tf^)^"^) i; ^£ 3 

<^ T~^Tb~ b(a + b)(a + b-l) £ 3 ^ 

where in the second step we used the fact x H^R^. 

Similarly if a > b, we can get that the contribution of l/\fj\ is 

1 b „ 

<^ T a + b a(a + b)(a + b-l) £ 6 

Hence combining the above we see that the contribution of l/\r]\ is 

_1 1 „ min(q,i>) 

(5,8) <C T a + i > (°- + b)(a + b-l) X max(a,b) £_ 6 

From (5.5), (5.7) and (5.8) we get the following 

Lemma 5.2. Suppose a and 6 are fixed natural numbers, then we have 

1 1 s/ min(q,fr) 

Sab{T) <T° + * (a + 6)(a + i,-l) X max(a,6) £' 

6 Proof of Theorem 

In this section we shall prove our Theorem . It suffices to evaluate the integral 
J^ T Al b (x)dx for T > 10. We always suppose a < b. 

16 



6.1 Mean square of A* ab (x, z) 



Suppose H and z are parameters such that 

T £ < H < T 100(a+b) , T £ < 2 < min(iT +fe , T a / 6 )£- 6 - 62 / a - 1 . 

In this subsection we study the mean square of A* 6 (:r, z). 
By the elementary formula 

(6.1) cos u cos i> = -(cos (u — v) + cos (u + v)) 

we may write 

(6-2) |A; b (^)| 2 
c?(a, b) 



7T 2 



x (a+6) 9a,b( n )9a,b( m ) 



l<n<z l<m<z 

+6 



where 



x cos ^27rc 2 (a, b)x a + b n a + b — — j cos ^27rc 2 (a, b)x a + b m^ 
S 1 (x) + S 2 (x) + S 3 (x), 



2tt 2 
c?(a,6) 



Kn<z 



S 2 (x) =^J-x^ £ <7a,&(™K&( m ) 



2tt 2 

n<2,m<2 



x cos ^27rc 2 (a, — m«+^)j 

5 3 (x) =^i^x(^) J2 9a,b(n)9a,bM 

n<z,m<z 

x sin (^2iTC2(a, 6)x°+ 5 (n°+ 5 + m«+ 5 ) j . 

By (4.6) we get 
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By the first derivative test we get 

r>2T 



I S 3 (x)dx < ^2 9a,b(n)g a , b ( 



T 

m) — , 



n<z,m<z n a +b+ma+b 

< T ^2 9a,b{ n )9a,b(m) r-^- = 



U<Z, m <Z n 2 ( a + b)m 2 ( a + b) 



where in the second step we used the well-known inequality a 2 + f3 2 > 2a (3. By Euler's 
product we have for 3?s > 1 that 

\^9a,b( n ) r < . a + 2b \/- {h , 2a + 6 



n=l 



which can be continued meromorphically to the whole complex plane and has a double 
pole at s = 1/2 (a + b). Thus Perron's formula implies that 

J2gaM<:x 1/2ia+b) iogX 

n<X 

for any X > 2, namely, 

(6.4) 9aMn- 1,2{a+b) «log 2 X. 
From the above we get 

(6.5) / S 3 (x)dx < T£ 4 . 

Now we consider the contribution of S 2 (x). Write 

(6.6) S 2 (x) = S 21 (x) + S 22 (x), 
where 

S 2j (x) = ^P-X(^) J2 9aM9a,b^ S 



x cos [2nc 2 (a, b)x a + b (n a + b — m a + b )j (j = 1,2), 

_l_ _l_ {nm) 1 / {2a+2h ^ 
SC(E 21 ) : n,m < z, \n a + b - n a + b \ > — , 

_l_ _j_ (nm) 1/(2a+26) 
SC(Y, 22 ) : n, m < z,0 < \n*+ b - n»+ b \ < - 
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Similar to the case S 3 (x), we have 

/it 
S 21 (x)dx <T£ 4 . 

By the first derivative test and Lemma 5.2 we get 

/ S 22 (x)dx < T^2,g ajb (n)g a , b (m) min ( T~£*, _j_ 1 — — \ 
Jt 22 \ |n a + f ' — n a + b | y 

< TS a , b (T) < T 1+ ^e~^)^T)£ 7 . 



From the above two estimates we get 

r>2T 



(6.7) 



/ i 



From (6.2), (6.3), (6.5) and (6.7) we have 

iA:, 6 (x,.)i 2 ^ = ^Li^< b (n)^ 

„ , l + a + 6 a 1 + a + b a _ 

+ 0(T a + b Z i a + b ) b + T a + , > + + £'). 

6.2 Mean squares of Rl 2 (a,b]x) and R\ 2 {b,a\x) 



In this subsection we shall study the mean squares of R* 12 (a, b; x) and R\ 2 {b, t 
Recall that 

R* 12 (a,b;x) = C -±^A X W) J2 g(a,b;n,H,J) 

71 / N 

z<n<H a nj+i g(a,b) 



Thus 



x cos ^2nc 2 (a, b)x a + b n a + b — — j 



|^ 2 (a,&;o:)| 2 

^ g(a,b;n,H,J)g(a,b;m,H,J) 

z<n,m<H a n,jj r i,H{.ciJ>) 

xe ^c 2 (a, b)x~ (n~ — m~) j 

= S 4 (x) + S 5 (x), 
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where 



S 4 ( x ) = x-+ b 9 2 (a,b;n,H,J), 

z<n<H a nj + i^u(a,b) 

S 5 (x)=x^~b ^2 g(a,b;n,H,J)g(a,b;m,H,J) 



z<n,m<H a n j+\ H( a > b ) 



xe ^c 2 (a, b)x a + b (n a + b — m a + b )^ 

It is easy to see that 

(6.9) g(a, b; n, H, J) < g(a, b; n) < g a ,b(n). 
By (4.7) we get 

(6.10) J S 4 W^«T 1+ ^z^ 
By the first derivative test and (6.9) we get 

/2T 
S 5 (x)dx <T J2 9aM9a,b( m ) 



z<n,m<H a T 

x min I T*+b 



1 1 

n a + b — m a + b \ 



<T(£ 4 + E 5 ), 



where 



5 4 := ^2 9a,b( n )9aA m ) min \T-+ b , -j- — -j— ) , 

4 y |n a + 6 — m a + b \ J 

5 5 := Yl 9a,b{ n )9a,b{ m ) mm ( , _l. 3" J , 

5 y |n a + b — m a + b \ J 

i i 1 i i 

S , C(S 4 ) : z <n,m < H T, < -m«+ b | < — n 2a + 2f > m 2 "+ 2i > , 



S , C(E 5 ) : 2; < ra, m < iJ a T, - m«+* | > ^n 2 «+ 2f >m 2 "+ 2 6 . 



10 

.1 

10 



By Lemma 5.2 we have 
(6.12) E 4 < 5 a ,b(T) < T^^^+ 6 )("+ 6 -d£ 7 . 
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For £ 5 by (6.4) we get 
(6.13) S 5 « ( 9aAn)n- 1/(2a+2b) ) 2 « log 4 X 

n<H a T 

From (6.10)-(6.13) we have 

/2T 
\R* l2 {a, b; x)\ 2 dx < T 1+ ^z~^ + T^~^+^+^ £ 7 . 

Similarly, we have 

(6.15) J \R* 12 (b,a;x)\ 2 dx < T 1+ ^>z~^) +T^^~^+^+^) C 7 . 

6.3 Mean squares of R2(a,b;x) and R<2,(b,a]x) 

In this subsection we shall study the mean squares of R 2 (a,b;x) and R 2 (b,a;x). 
Recall that 

R 2 (a,b;x) = I min ( lj T^Zl 

\ m < x l/(a+b) \ H\\ m b/a 
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So we have 

i? 2 ( a , b; x)dx 



IT 

« E / min ( 1 ' ff ||!v 1 n )^ 

m < 2T l/(a + 6) \ 27|| m6/a ||y 

( 2T )l/a/ m 6/a , . 

<C / min ( 1, — — - ) v^u a ~ x du 

< V m 6 I — y- I / min I 1, ——-r ) du 

— \m b / a ) J T l/a /mb /a V ' 



m < 2T l/(a + 6) 

a-1 



< m 6 I — 77- I — 77- / min ( 1, ] (iw 

' \m b l a m b l a / n V / 

m < 2T l/(a + 6) \ / ^0 \ II 11/ 

m <2TV(«+6) >/0 V " H/ 

« T 1+1 /( fl+6 ) min (l, ^jj-^ du 

( pl/H r l/2 1 N 

< T l+V(a+b) H ~l^ 

which combining the trivial bound R,2(a,b;x) <C T 1 /^ 6 ) gives 

/2T 
i^(a, 6; < T ^/{*+b) H -i c 

Similarly we have 

/2T 

6.4 Completion of the proof of Theorem 

In this subsection we complete the proof of Theorem . We take H = T 10(a+f> ) and 
z = T a/b C -b-by a -i^ From ( 311 ^ (6.11)-(6.14) we get 

/2T 
E 2 ab (x)dx < T^^'^+o^+o-^C 7 , 



22 



which combining (6.8) and Cauchy's inequality gives 

/IT 
E a , b {x)Al b {x,z)dx < T^"W^£ 7/2 . 

From (6.8), (6.18) and (6.19) we get 

l + a-j-b a /o 

+ 0(T a+, > 26(a+i,)(a+6-l)£'7^_ 



From (6.20) and a splitting argument we get 

+ 0(T~* + F ~ 26(a + b)(a + i>-l)£ 7 / 2 ) 



Ci(a, 6)(a + 6) 



2(l + a + b)n 2 ^ ya ' b{ ' 

v 7 n=l 

l-\-a-\-b a — , n 

+ 0(T a + h 2b(a + b)(a + b-l) £</ 2 } 

1 + a + fe „ . 1 + a + b a _ /o 

C a ,bT^+^ + 0(T a + b 26(a+6)(a+6-l) £ 7 / 2 ). 
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